Depth, Not Data:
An Analysis of Hessian Spectral Bifurcation
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Abstract—The eigenvalue distribution of the Hessian matrix
plays a crucial role in understanding the optimization landscape
of deep neural networks. Prior work has attributed the well-
documented “bulk-and-spike” spectral structure, where a few
dominant eigenvalues are separated from a bulk of smaller ones,
to the imbalance in the data covariance matrix. In this work,
we challenge this view by demonstrating that such spectral
Bifurcation can arise purely from the network architecture,
independent of data imbalance.

Specifically, we analyze a deep linear network setup and
prove that, even when the data covariance is perfectly balanced,
the Hessian still exhibits a Bifurcation eigenvalue structure: a
dominant cluster and a bulk cluster. Crucially, we establish
that the ratio between dominant and bulk eigenvalues scales
linearly with the network depth. This reveals that the spectral
gap is strongly affected by the network architecture rather than
solely by data distribution. Our results suggest that both model
architecture and data characteristics should be considered when
designing optimization algorithms for deep networks.

Index Terms—Optimization, Deep Learning Theory, Hessian
Spectrum Analysis

I. INTRODUCTION

As the application scope of Deep Neural Networks (DNN5s)
continues to expand, there is a pressing need to improve
optimization algorithms designed for these models. Achieving
such algorithmic improvements requires a deeper theoretical
understanding of the loss landscape of DNNs because the
geometry of the loss landscape often strongly affects the
effectiveness of optimization [1]-[4] and the quality of the
converged model (e.g., generalization performance) [5]-[7].

In this context, the Hessian matrix has become a critical tool
to characterize the curvature of the loss landscape. Extensive
empirical research has demonstrated that the loss landscapes of
various neural networks exhibit an ill-conditioned eigenvalue
distribution structure [8]-[13]. Specifically: [8] and [9] ob-
served that the gradient descent dynamics typically happen in
a “tiny subspace” spanned by a few dominant Hessian eigen-
vectors, while the majority of directions are flat. [10] and [11]
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provided a detailed spectral analysis, revealing that the Hessian
spectrum is composed of massive “bulk” concentrated near
zero and a few “outlier” eigenvalues (spikes). Furthermore,
[14] and [15] argued that these spectral distributions are often
heavy-tailed, suggesting a form of implicit self-regularization.

Complementing these empirical phenomena, theoretical
work has offered explanations in specific settings. For ex-
ample, [16] and [17] use Random Matrix Theory (RMT) to
build a direct link between the Hessian spectrum and the
covariance matrix of the input data. A prevailing conclusion
in these works [18], [19] is that the eigenvalue distribution
of the Hessian H;, = V2L(W) is heavily entangled with
the distribution of the data covariance matrix. Consequently,
the common perspective is that the “imbalance” observed
in the Hessian spectrum—where a few large eigenvalues
dominate—is primarily inherited from the intrinsic imbalance
of the data covariance matrix.

This brings us to the core of our work. Following the
context established by the aforementioned bulk-plus-spike
literature, we classify the eigenvalues into a “bulk space” and
a “dominant spike space.” Let Aq,..., A, be the non-zero
eigenvalues of the Hessian H. We typically observe an index
k < p that separates the eigenvalues into two distinct clusters
with a significant gap:

Ay A € [ma,m(a+9)],  Aegr,-..,Ap € [a,a+ 6],
Dominant Spikes Bulk
(D

where § € (0, a) represents a fluctuation amplitude of eigen-
values in the corresponding eigensubspace, and m > 1
represents the magnitude of the spectral gap. In this work,
we do not consider zero eigenvalues, as their corresponding
eigenspaces contain no meaningful information. While prior
literature typically attributes this sharp spectral bifurcation—
where the top k eigenvalues separate from the bulk by a large
magnitude m—to the imbalance of the data distribution, our



work challenges this prevailing view by posing the following
question:

Key Question

Q1: Is the spectral bifurcation of Hy (with k spikes
and gap m) exclusively attributable to the spectral
imbalance of the input data covariance?

Our work demonstrates that an imbalance in the data
covariance (or cross-covariance between inputs and out-
puts) spectrum is not a necessary condition for such spec-
tral bifurcation. Although we acknowledge that the Hessian
in DNN optimization is indeed influenced by imbalanced data,
we show that even when the data is perfectly balanced (i.e., the
data is whitened such that the covariance and cross covariance
are identity-like or uniform), the Hessian of the neural network
optimization problem still generates a bifurcation spectral
structure.

We show in a theoretical setting that there exists a k
such that the top k eigenvalues are orders of magnitude (m
times) larger than the remaining p — k& non-zero eigenvalues.
Crucially, the severity of this ill-condition (represented by m)
is intrinsic to the model design and correlates with the network
depth/architecture, rather than being solely dependent on data
distribution.

To give a clearer intuition, we first visualize this conclusion
via a numerical simulation, as shown in Figure 1. We train a
deep linear neural network to learn a simple linear operator
mapping (y = $x). We utilize a sufficient quantity of samples
to ensure the data is whitened such that the cross-correlation
matrix satisfies ¥, = E[yx'] = ® ~ I, (similar to the
setting in [20], where I,. is an r X r identity matrix, ~ is the
0 padding operator; the definition can be found in Section
I). As illustrated, even when the eigenvalues of the data
distribution are uniform, the Hessian of the network exhibits
a clear stratification into two non-zero eigenvalue clusters and
a cluster near zero.

Following the theoretical settings of [20] and [21] for
deep linear networks, we provide a theoretical answer to this
problem. We analyze why this imbalanced structure forms
and identify the factors influencing it. Under the deep linear
network setup following [20] and [21], our theoretical contri-
butions are summarized as follows:

« C1 (Spectral Bifurcation Independence): We prove that
even when both data covariance and cross-covariance are
perfectly balanced (ie., ¥;, ~ Ig, and X, = uvrT
where U, V' are column-orthogonal matrices), the Hessian
still exhibits a Bifurcation structure among its non-zero
eigenvalues: a dominant cluster and a bulk cluster. The re-
maining eigenvalues are zero and correspond to directions
outside the data support. This shows that data imbalance
is not a necessary condition for spectral bifurcation.

o C2 (Depth-Dependent Gap): We establish that the
spectral gap between the dominant and bulk clusters
scales linearly with the network depth L. Specifically, the

dominant eigenvalues are approximately L times larger
than the bulk eigenvalues, i.e., m = ©(L) as illustrated in
Figure 1. This reveals that the ill-conditioning severity is
intrinsically determined by the model architecture rather
than solely by data distribution.
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Fig. 1: (a) Hessian eigenvalue evolution for L = 2 on whitened
data. (b) Training loss curve (L = 2). (c) Target matrix
(whitened data). (d) Spectral gap Agom/Abuc across depths
L = 2-7, where Agom and Apy denote the mean eigenvalues
of the dominant and bulk spaces, respectively; the empirical
gap closely matches the theoretical prediction Gap = L.

II. PRELIMINARY
Notation. For matrix products, we define W#* = Wk ... !
when k£ > [ and Wk = (WFH)T...(WHT when k < I
Additional operations include: ® for Kronecker product, vec,
for row-wise matrix vectorization, rk(7/') for matrix rank, and
I, for the k x k identity matrix. Let matrix A € R™*" and
B € RP*4, To work with matrix-matrix derivatives in the row-
wise vectorization form, we adopt the convention:

0A  Ovec,(A)

OB~ Ovec.(B)T’

A useful identity for our analysis is:
O(AW B)

 — —A®B'.
oW ®
If m > p and n > ¢, we define the padding operator ~ as:
A~B o a=|. D Opxn—a) |
O(m—p)xq  O(m—p)x(n—q)

where 0;; denotes an ¢ X j zero matrix.

Deep Linear Neural Network. Following the setup of [20]-
[22], we consider a depth-L deep linear neural network defined
by the composition F(x) = Wl ...Wlx = Wlilx, where



the weight matrix W' € R%*d-1 parameterizes the [-th layer
for [ = 1,..., L. The network has input dimension d = dy,
output dimension K = dy,, hidden layer widths d,...,dr_1,
and total number of hidden neurons D = ZZL:? d;. We denote
the total parameter set as W := {W?' ... W%} and use the
explicit parameterization Fyy (x) = W1 x when necessary.
Loss Function. We consider a training dataset of i.i.d. samples
{(xi,y:)}Y, from distribution p. We consider the squared
loss Lw(x,y) = illy — yl|3 where y = Fy(x). The
population loss is defined as L(W) = Eqx y)plLw (X, ¥)].
For brevity, specifically in subsequent derivations, we denote
the expectation over the data distribution simply as [E. The
Hessian of the population loss is denoted H = V2L(W). We
define the residual at sample (x,y) as dxy =y — .
Applying the above to the network output, we obtain:

or
ow'!

Using the chain rule (backpropagation), the gradient of the
loss for a sample (x,y) with respect to W is:

— WL:l+1 ® (xTwl:l—l) c RdL Xdldlfl.

VWIL(Wt) — I:Wl+1:L5x,y] [Wlfl:lle—r

_ WlJrl:L (WLzlxxT o yXT)Wl:lfl.

For subsequent analysis, we introduce the following short-
hand notations for the expected quantities (where E denotes

B (x,y)ops):
Q:=E[dxyx'| =EWrxx"] - E[yx '],
Yo = E[XXT], Yye = }E[yx—r].

Gauss-Newton Decomposition. Following the analytical tech-
nique in [21], [23], we apply the Gauss-Newton Decomposi-
tion to analyze the Hessian of a deep linear neural network.
This technique involves examining the Hessian through the
lens of the chain rule, decomposing the total loss Hessian
H;, = H, + Hy, where:
2
H,=E |:VwF(X)T [%gﬂ VwF(X):l ,

and

H;=E [i [%L;V] V3, Fo(x)

c=1

In the case of Mean Squared Error (MSE) loss, this Gauss-
Newton breakdown aligns precisely with the earlier analysis as
shown in [21]. Following convention, we call the initial com-
ponent H, the outer-product Hessian and the latter component
Hy the functional Hessian.

Balanced Initialization. We follow the balanced initialization
procedure in [20]:

Initialization IL.1. Let dy,dy,...,dy € N satisfy
min{dy,...,dr—1} > min{dy,dr}, and let D be a
distribution over dy, X do matrices. A balanced initialization
of the weight matrices W' € R%4*d-1 for [ = 1,... L, is

performed as follows:

1) Sample a matrix A € R >4 according to D.

2) Compute the singular value decomposition A =
USoVT, where U € Réwxmin{dodi} gpd vV ¢
Rdoxmin{do.dr} have orthonormal columns, and o €
Rmin{do,dr}xmin{do.dr} jg diagonal, containing the sin-
gular values of A.

3) Set the weight matrices as W& ~ USY/” WE-1 ~
se/l W et W~ sl YT

Gradient Descent Dynamics. We optimize the network pa-
rameters W = {W?! ... W} using Gradient Descent (GD)
with a constant learning rate 7 > 0. Following [20], we assume
the data is whitened and consider the gradient update in the
expectation sense. Substituting the gradient derivation from
the previous section, the population gradient update takes the
explicit form:

th+1 — th -n- th+1:L(WtL:1wa _ Zy;v)th:l_l (2)

III. HESSIAN BIFURCATION THEORY

A. Theorem Assumptions

We have the following assumptions for our results. How-
ever, note that not all assumptions are actually used in the
theorem. Some are included solely to help the reader develop
intuition for our results by considering a more concrete special
case.

Assumption IIL.1 (Sufficient Width & Whitened Input). We
impose structural constraints on the network width to pre-
vent information propagation bottlenecks, assuming d, =
min{dy,dp} < min{dy_1,---,dy}. Furthermore, regarding
the data distribution, we assume the input covariance matrix
is whitened (isotropic):

E$z =~ Id*a (3)
where I, is the d, X d, identity matrix.

Assumption IIL.2 (Alignment with Initialization). We assume
the target mapping is aligned with the principal directions of
A in Initialization II.1. Let U and V be the singular vector
matrices defined in the initialization procedure. To align with
the data rank r, the cross-covariance matrix satisfies:

Sy = ULV, €
where 7, € R%Xd« ~ J .

Assumption IIL.3 (Uniform Spectral Initialization (USI)).
This is a special case that we will consider later. We assume
the singular values of the initial weight product are uniform.
Denoting the diagonal singular value matrix as X in Initializa-
tion IL.1(corresponding to X in the initialization definition),
we have:

ARSI 5)

where 1 > 0 is a constant. This ensures network operates as
a scaled isometry on the full parameter space at initialization.



B. Main Result

To establish our main result on the spectral structure of the
Hessian, we first need to understand how the weight matrices
evolve during training. A key observation is that all weight
matrices in a deep linear network share a common spectral
structure throughout the optimization process. This property,
which we formalize in the following lemma III.4, serves as
the foundation for our subsequent analysis.

Lemma II1.4 (Shared Spectral Structure). Under Assumptions
1.1 and I11.2, all weight matrices W[ for k = 1,..., L share
a same spectral structure Ei/L =diag(Mit, Mot ... Ad.t) at
any time t > 0. Specifically:

1) For1<k< L: WF~%/"

2) Fork=1: Wl~s/EiyT,

3) Fork=L: Wt ~UsE.
where U € R¥“Xd and V. € R%*% are the left and
right singular vector matrices from the balanced initialization,
which remain constant throughout training. Furthermore, the
eigenvalues \;; for i =1,...,r evolve according to:

Aipa1 = i — AT AL (6)
r+1,...,d, remain

while the eigenvalues X\;; for i =
unchanged at their initial values.

Explain. Lemma II.4 reveals that under Initialization II.1,
the spectral structure of all weight matrices is governed by
a single diagonal matrix Zz/ L, whose diagonal entries \; ¢
evolve according to a unified update rule. This shared spectral
structure is crucial because it implies that the optimization dy-
namics can be characterized entirely by tracking the evolution
of these d, eigenvalues.

Building upon this spectral characterization, we are now
ready to present our main theorem, which establishes the
bifurcation structure of the Hessian eigenvalues. The theorem
demonstrates that even when the data covariance is perfectly
balanced (i.e., ¥,; ~ I4,), the Hessian of the loss function
exhibits a pronounced two-cluster spectral structure, with a
gap that scales linearly with the network depth L.

Theorem IILS (Hessian Bifurcation). Under Assumptions
1111 and 111.2, and assuming v < d., consider a depth-L deep
linear neural network trained with gradient descent with step
size n < min{%,ﬁ}. Let )iy for i = 1,...,r denote
the effective eigenvalues of the weight matrix Etl/ L at time
t. Suppose that A,y € [my — dy,my + 8] and the condition
(my+0¢)/(mg—0;) < LT holds. Then, the Hessian H,
exhibits a two-cluster spectral structure:

1) (Dominant Space) There exist r* eigenvalues of Hp, ,
lying in:

L(mt _ 5t)2(L_1) o O(e—Loz’qt)7
(7

L(mt+5t)2(L—l)+O(e—Lm7t) )

2) (Bulk Space) There exist (d. + d, — 2r)r eigenvalues
of Hy; lying in:

(mt _ 6t)2(L—1) _ O<e—Lo¢'r7t)7
®)
(mt+5t)2(L—1)+O(e—La7]t) )

3) (Zero Space) The remaining eigenvalues of Hp, , are
zero.
Moreover, let )y, denote an arbitrary eigenvalue belonging
to the Dominant Space and Mp denote an arbitrary eigen-
value belonging to the Bulk Space. Their ratio satisfies:

Qom _ g1, ©)
Abulk

where o is a positive constant independent of t, provided t is
sufficiently large.

Explain. Theorem IIL.5 provides a complete characterization
of the Hessian spectrum in deep linear networks. The result
reveals three distinct eigenspaces: (i) a dominant space con-
taining 2 eigenvalues of order L - mf(L_l), (ii) a bulk space
containing (d. + dr — 2r)r eigenvalues of order mf(Lfl),
and (iii) a zero space containing the remaining eigenvalues
that vanish asymptotically. Crucially, the ratio between the
dominant and bulk eigenvalues is ©(L), demonstrating that the
spectral gap is an intrinsic property of the network architecture
rather than a consequence of data imbalance.

Remark. The condition (m; + d;)/(m; — ;) < LY/((L=1)
ensures that the eigenvalues remain sufficiently concentrated
to maintain a clear separation between the two clusters. This
condition is naturally satisfied when the initialization is near-
uniform and becomes increasingly easier to satisfy as the
network depth L grows.

To gain deeper insight into the mechanism underlying this
spectral bifurcation, we consider a special case where the
weight matrices are initialized with uniform singular values.
This setting, formalized in Assumption III.3, allows us to
obtain a sharper characterization of the Hessian spectrum.

Corollary III.6 (Hessian Bifurcation with USI). Under As-
sumptions IIL1, 1I1.2, and II1.3, and assuming r < d., the
Hessian Hiy, ; has exactly two distinct nonzero eigenvalues (up
to an exponentially small perturbation). Specifically:
1) (Dominant Space) There exist r* eigenvalues equal to
L,u?(L_l) + O(e~Lomt),
2) (Bulk Space) There exist (d. + d, — 2r)r eigenvalues
equal to ,uf(Lfl) + O(e=Lant),
3) (Zero Space) The remaining eigenvalues are O(e~F1t),
Moreover, the ratio between the dominant and bulk eigenvalues
is exactly L, i.e.,

Xom _ . (10)
Abulk

where i, denotes the common value of all effective eigenvalues

Aip = g for i = 1,...,r at time 1, and o is a positive

constant.



Corollary III.6 reveals the fundamental mechanism behind
the Hessian bifurcation phenomenon. Under uniform spec-
tral initialization, the Hessian possesses exactly two distinct

. . 2(L—1) - .

nonzero eigenvalues: Ly, in the dominant space and
,uf (E=1) in the bulk space, with a ratio of exactly L. This clean
separation provides a transparent view of how the spectral
structure emerges.

Proof Sketch. For detailed proofs of the lemma and theorems,
you can refer to the full version of this paper on arXiv
[24]. Under Assumptions III.1 and II[.2, we first establish
that all weight matrices share a common spectral structure
throughout training (Lemma II1.4), where the singular values
of the end-to-end mapping evolve according to a unified
dynamical system Ei iﬁ = g(Ei / L). Analyzing this dynamics
shows that the population loss converges exponentially as
L(W;) = O(e~2Lont), which by the Gauss-Newton decompo-
sition Hy, , = H,+ + Hy, implies that the functional Hessian
norm satisfies | Hy||2 = O(e~ L") (Lemma B.8). Following
[21] Proposition 2, the outer-product Hessian admits the
factorization H,; = Ao,tBOAIt, whose nonzero eigenvalues
coincide with those of the Gram matrix Bgl,/zA(ItAoth;m. By
explicitly computing the weight matrix products and exploiting
the Kronecker product structure, we show that these eigenval-
ues split into a dominant cluster of 72 eigenvalues scaling as
L. mf(L_l) and a bulk cluster of (d. + dy, — 2r)r eigenvalues
scaling as mf(Lfl) (Lemma B.9). Finally, applying Weyl’s
inequality to Hy s = H,; + Hy; shows that the eigenvalues
of the true Hessian Hp ; lie within O(e 12") of those
of H,;, yielding the stated two-cluster structure with ratio

Adom/ Abuik = O(L).

IV. SIMULATION

To illustrate the theoretical results in Sections II and III,
we conduct numerical simulations under Assumptions III.1,
II1.2. For brevity, we provide 2 experiments here, and detailed
experimental settings and additional results are provided in
Appendix C.

We consider a depth-L deep linear network with input
dimension dy = 10, output dimension d;, = 16, hidden widths
dy = -+ =dp_1 = 20, and effective rank r = 4, trained on
whitened data (3., ~ I;,) with L € {2,3}. Figure 2 reports
the Hessian eigenvalue trajectories and training loss curves, the
latter confirming convergence. The non-zero spectrum cleanly
separates into a dominant cluster of dimension r? = 16 and
a bulk cluster of dimension (d, + d — 2r)r = 72, consistent
across both depths. Moreover, the spectral gap scales with
depth, yielding ratios of approximately 2 for L = 2 and 3 for
L = 3, matching the linear growth of dominant eigenvalues
with L predicted by Theorem IIL.5.

Nonlinear Discussion. To probe whether the Hessian bi-
furcation extends beyond the linear regime, we repeat the
experiment with a tanh activation applied after each layer,
keeping all other settings unchanged. As shown in Figure 3,
the non-zero spectrum still splits cleanly into a dominant and a
bulk cluster (panel a), and training converges stably (panel b).
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Fig. 2: Hessian eigenvalue trajectories (left) and training loss
(right) for deep linear networks with depths L = 2 and L = 3.

Sweeping L = 2-7 (panel c), the empirical gap Adom/Mbulk
tracks the Gap = L prediction: \gon, grows linearly in L while
Apulk Temains nearly constant. This suggests that the depth-
dependent bifurcation of Theorem IIL.5 is not an artifact of
linearity but reflects a more general structural property of deep
networks.
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Fig. 3: (a) Eigenvalues evolution (L. = 3, tanh) showing
spectral bifurcation. (b) Training loss curve. (c) Spectral gap
Mdom/Abuk VS, depth L = 2-7, where Agom and Apuic
are the mean eigenvalues of the dominant and bulk spaces,
respectively; empirical ratio (red) matches Gap = L (dashed),
Adom (blue) grows linearly, Abulk (green) stays nearly constant.

V. CONCLUSION

In this work, we conduct a theoretical analysis of the
spectral bifurcation phenomenon in the Hessian of deep linear
neural networks, and demonstrate that this phenomenon is
an intrinsic property of the model architecture rather than a
consequence of data imbalance. Our main result (Theorem
II1.5) shows that the Hessian exhibits a two-cluster eigenvalue
structure with a gap that scales linearly with the network depth
L, even when the data covariance is perfectly balanced. The
key insight is that directions within the effective parameter
space accumulate curvature contributions from all L layers,
while directions outside this space only contribute through a
single layer, leading to an L-fold gap between the dominant
and bulk eigenvalues. This depth-induced conditioning repre-
sents an important factor contributing to the ill-conditioned
optimization landscape in deep neural networks, independent
of data imbalance, suggesting that both data characteristics and
model depth should be considered when designing optimiza-
tion strategies.
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APPENDIX A
NOTATIONS

In this section, we first recall our notation and foundational definitions that will be used throughout the theoretical analysis.

We follow the standard linear algebra conventions. That is, scalars are denoted by lowercase letters (e.g., A,7), vectors by
bold lowercase letters (e.g., x,y), and matrices by capital letters (e.g., W, H). Let I}, denote the identity matrix with rank k.
Moreover, we introduce the zero-padding relation ~. Specifically, for the matrices A € R™*™ and B € RP*4, if m > p and
n > q, we define the padding operator ~ as follows:

A~B o a=|. D Opxn—a) |

Om—p)xq  O(m—p)x(n—q)
where 0;; denotes an ¢ X j zero matrix.

For matrix calculus, we use the Kronecker product, denoted by ® and adopt a row-wise vectorization convention vec,.(+).

Our analysis is based on a Deep Linear Network of depth L, parameterized by the set of weight matrices W :=
{W?, ..., WE}. Let d; denote the width of the I-th layer, where dy and dy, correspond to the input and output dimensions,
respectively. We further define d, = min{do,dr}.

To represent the Deep Linear Network, we use the notation W*!. For k > [, this denotes the forward product
WEWHE=L... W' while for k < [, it denotes the backward transpose product (W*)T ... (W!")T. Therefore, the Deep Linear
Network can be expressed as Fyy (x) = Wlix.

We characterize the data distribution D over the dj, X dy matrices. The input covariance matrix is denoted by ¥, = E[xxT],
and the input-output cross-covariance is given by X, = E[yx']. The effective rank of the target mapping is denoted by r,
and we define Z, as Z, € R%*d~ ~ J_

The optimization landscape is characterized by the population squared loss, denoted by L(W). Our study focuses mainly
on the Hessian matrix of this loss, denoted as H; = V2L(W). Following the Gauss-Newton decomposition, we decompose
Hessian into two parts, the outer-product hessian H, and the functional hessian Hy. i and ¢ represent the learning rate and
the training time step index, respectively.

To formally characterize the spectral bifurcation phenomenon, we evaluate the dynamic progress of the singular values of
the weight matrices. Let U and V' denote the fixed left and right singular basis vectors determined at initialization, respectively.
Furthermore, let Ei /" be the dynamic diagonal matrix with entries \; ¢, which are characterized by a mean magnitude m;
and fluctuation §;. To study the spectral bifurcation phenomenon precisely, we partition the eigenvalues of the hessian into
distinct clusters based on magnitude: dominant eigenvalues (Agom), and the bulk eigenvalues (Apyx). The gap between these
two clusters drives our theoretical findings for the network depth, which is shown as following.

APPENDIX B
THEORETICAL RESULTS

We are here to give the proof of our theorem. First we need a few lemma.

Lemma B.1. Under Assumptions IIL1, IIL.2, and IIL.3, and assuming r < d, = min{do, dy,}, the outer-product Hessian has
two distinct nonzero eigenvalues Lp>“—Y and > F=Y), where the former is exactly L times the latter. Moreover, they occur
with multiplicities > and (do + dr, — 2r)r, respectively.

Proof. According to [21], for a deep linear network,
H, = A,B,A] (11)
where B, = I;, ® ¥, € Rirdoxdrdo and
Al = (WL:2 ® Iy, WEH @WH-1 . [ & Wl:L—l) (12)

Under Assumption IIL.1, ¥,, ~ I;,. When d, = dy < dr,, we have X, = I4,, so B, = Ig, ® Ig, = 14, 4,- In this case,
the eigenvalues of H, = AOA;',— are identical to those of AIAO.

Under balanced initialization (Initialization II.1) with Assumption III.3, we have Eé/ L wl.. The weight matrices take the
form:

WE~usit o whtastE o w2antt Wl e si iy T (13)
where U € R%:*4- and V' € R9%* % have orthonormal columns. Since Z(l)/ L w1, has only 7 nonzero entries, let U; € R4 X"

and V; € R%*" denote the first  columns of U and V/, corresponding to the nonzero singular values.
We first compute the weight matrix products. For W1:2:

WL:2 — WLwL—l . W2 ~ (Uz(l)/L)(E(l)/L) . (Z(l)/L) _ U(Z(l)/L)L_l ~ ML_lUl (14)



Therefore:

whwl)T = 20Dy, yT (15)
Similarly, for WhE—1:
Wwil-1 _ (Wl)T(W2)T o (WL—I)T ~ V((Eé/L)T)L—l ~ uF1y, (16)
Therefore:
WIL=L(WhL=1)T = 2L=Dy,p T 17)
For2<I<L-1:
W o Lol el oy (18)
Therefore:
WL (BT 2E-Dg gl st (i) T = 20Dy yT (19)

Now we compute the Gram matrix A A,:

AIAO _ (WL:2 ® Ido)(WL:2 ® Id[))—r 4 (IdL ® Wl:L—l)(IdL ® Wl:L—l)T

L—-1
+ Z(WL:lJrl ® Wl:lfl)(WL:lJrl ® Wl:lfl)T (20)
=2
Using the Kronecker product property (A ® B)(C ® D) = (AC) ® (BD):
(WL:2 ® Ido)(WL:Q ® IdO)T _ WL:2(wL:2)T ® Ido — M?(L*l)UlUlT ® Ido (21)
(IdL ® Wl:Lfl)(IdL ® Wl:Lfl)T — IdL ® Wl:Lfl(leLfl)T — //L2(L71)IdL ® ‘/1‘/1T (22)

(WL:Z+1 ® Wl:lfl)(WL:lJrl ® Wl:lfl)T

_ WL:H—l(WL:H-l)T ® Wl:l—l(lel—l)T

_ HJQ(Lfl)UlUlT ® ILLQ(lfl)Vl‘/lT _ M?(L*l)UlUlT ® Vl‘/lT (23)
Substituting back:

Al A, = (22 V00U @ 1y, + 2V, @ iV + (L - 2P Y0 o] @ vivyT

= 2EV 00 @ Iy + 1o, @ VIV + (L= 2)ULUY @ ViV, (24)

To analyze the eigenvalues, let {uy,...,u,} be the columns of Uj, extended to an orthonormal basis {uj,...,uq, } for

R4z, Similarly, let {vy,...,v,} be the columns of V;, extended to an orthonormal basis {vy,...,v4,} for R%. The vectors
u; ®v; fori=1,...,dr and j =1,...,dp form an orthonormal basis for Rézdo,

Note that UlUf—ui =wu; if 1 <r and UlUlTui = 0 if 2 > r. Similarly, V1V1ij = ; if j <r and V1V1ij =0if 5 >r.
We compute the action of A] A, on these basis vectors for each case:
(Dominant space) If : < r and 5 < 1r:
AIAo(ui (024 ’Uj) = /1,2(L_1) [(UlUlT’U,l) QUj + Uy @ (‘/1‘/1-'—7}]‘) + (L — 2)(U1U1Tul) ® (V1V1T’Uj>}
= 12D [y @ vj + u; @ vj + (L — 2)u; @ vy
— L2 D (4 ) (25)

L—1) 2

This gives eigenvalue Ly with multiplicity r X r = 7.
(Bulk space, part 1) If - < r and j > 7:

AIAO(UZ‘ (024 ’Uj) = [1,2(L_1) [(UlUlT’U,l) QUj + u; @ (‘/1‘/1-'—7}]') + (L — 2)(U1U1T’Uq) ® (V1V1T’Uj)}
= 2D [y, @ v+ u; ® 04 (L — 2)u; @ 0]
= 12 (w; @ vy) (26)

This gives eigenvalue ;2“1 with multiplicity r x (dy — ) = r(do — 7).



(Bulk space, part 2) If ¢+ > r and j < 7:
AT Ay (ui ® vj) = p?FY (U0 W) @ 05 4w ® (Vi ) + (L = 2)(Uh U] ) @ (ViV; ;)]
=2V 0@ +ui ® v+ (L —2)- 00 v
= IUJQ(Lil) (’U,7 X ’UJ) (27)

This gives eigenvalue p2(“~1) with multiplicity (d, — ) x r = (d, — r)r.
(Zero space) If ¢ > r and 5 > r:

Al Ay(us @) = 2L V0@ 0 +u; @0+ (L—2)-000] =0 (28)

This gives eigenvalue 0 with multiplicity (dp — r) x (do — 7).
Combining the two parts of the bulk space, the total multiplicity is:

r(do—r) 4+ (dp — r)r = (do + dp — 2r)r (29)

We conclude that the outer-product Hessian has two distinct nonzero eigenvalues Lu2(X—1) and ;25— occurring with
multiplicities 72 and (do + dr, — 2r)r, respectively. The total number of nonzero eigenvalues is r% + (do + df, — 2r)r =
(do +dp —r)r. O

Lemma B.2. Under Assumption III.1 and II1.2, if d;, > d, (i.e., d, > dy), besides W, the eigenvectors of W are invariant.
If d;, < d, (i.e., dy, < dy), besides W1, the eigenvectors of W* are invariant. Particularly, if d;, = d, = do, then for all W,
the eigenvectors of W* are invariant.

Proof. Under Assumption III.1, since d. < min{d;_1,dp_2,...,d;}, according to the balanced initialization procedure:
Vi<k<L-1keN, Wk~xl/L

Wi ~pt/LyT
Wl ~ust/t

Then we consider three cases.

1) For 1 < k < L, considering the dynamic behavior between step ¢t = 0 and step ¢ = 1:

Vi LVE) = Wi H WIS, — 5, Wi
~ yL=R/LyT UV Y, - %,,)VEE-D/E (30)

Under Assumption III.1, ¥, ~ I,.. Since the balanced initialization chooses V' such that its column space lies within
the support of ¥,,, we have VTS,V = 14, . Therefore,

VIS, =V’ (31)

which implies UsvVTs,,=UZVT.
According to Assumption I11.2, ¥,, = UV ". Note that U'U = I;, and V'V = I,,. Substituting into Equation (30):
Vit LWE) ~ E-R/EyT sy T —yy Tyyxk-b/L
= 2L=R/LyTy(S - 1, )V T VEk-D/E
— R/ (s, s/
_ y(QL-1)/L _ y£(L-1)/L

Since ¥ is a diagonal matrix, S(2L—1/L — (L=1/L 5 also diagonal. The update rule Wf, | = W} — nVy+ L(W})

only changes the diagonal elements.
A10

For example, suppose W§ =~ »VL = , then

Ad..0

Ao — AT+ nArg!

Ao = IAT G H1AL

*



Thus the i-th eigenvalue follows the dynamic
it = Mg = DATE T AL (32)
and the eigenvectors remain invariant.
2) For k =1, considering the dynamic behavior between step ¢ = 0 and step ¢t = 1:
VW1L(W01) = W(?:L(W(%:lzxw — Zya)
~ VLT sy T —uvT)
=yt -1, VT
sED/Ls W
—_ (Z(QL—l)/L _ 2(L—1)/L>VT

For the update rule W, | = W} — nVy1 L(W}), since W} ~ 2VEVT:

Wll — El/LVT _ n(z(QL—l)/L _ Z(L_l)/L)VT
_ [EI/L _p(BRL-V/L E(L—l)/L)} vT

We can separate V|, thus the eigenvalues also follow Equation (32) and the eigenvectors (determined by V') remain
invariant.
3) For k = L, considering the dynamic behavior between step ¢ = 0 and step ¢ = 1:

Ve LWg) = (Wa ' Saw — Sya) Wo
~ UxVT —uvTysdE-n/L
=U(Z - Id )Wy nE-b/L
U(E ) (L-1)/L
U(Z (2L— 1)/L E(L—l)/L)

Now we analyze when the eigenvectors of W% are invariant.
Note that if d;, = d, = dp, then U € R4 X9z ig g square orthogonal matrix. Since WOL ~ UXl/L,

WlL _ UEl/L _ ,',]U(E(QL—I)/L _ Z(L_l)/L)
=U El/L o n(E(QL—l)/L o E(L—l)/L)

The left factor U can be separated, so the eigenvalues also follow Equation (32) and the eigenvectors (determined by U)
remain invariant.

However, if d, > d, (i.e., dp > do), then U € R% %9 is not square, and the gradient U (X(L—1/L — $(L=1/L) cannot
be factored to preserve the eigenvector structure of W,

Similarly, if d;, < d. (i.e., d, < dp), then V € R%*d« with dy > dy,, and the gradient for W' cannot be factored to
preserve the eigenvector structure of W1,

Therefore, the layer-wise Hessian eigenvectors are invariant for all layers except W% when dy, > d., or except W' when

dr, < d.. When dy, = d, = dy, all eigenvectors are invariant. O
Lemma B.3. Under Assumption III.1 and IIl.2, for initialization \;o € (0,M], i = 1,2,...,r, where M =
max;—i2, .. LN 0} and proper n < mm{L, W}, the asymptotic behavior of \;: will converge to 1 for all
1=1,2,...,7, ie, limy_,oo A\iy = 1. The remaining d, — r eigenvalues X\ for i = r +1,...,d, remain unchanged during
training.

Proof. According to Lemma B.2, the gradient of the loss with respect to W* involves 3. Under Assumption IIL.1, ¥, ~ I,.,
which means only the first r directions of the input space contribute to the gradient.
More precisely, for 1 < k < L, the gradient is:

kaL(Wtk) — Wtk+1:L(WtL:1Eg;x _ ny)wtl:k—l

Since ¥,, ~ I, and the balanced initialization chooses V such that its first r rows V; € R"*d satisfy VlTVl = [, (with
V, = 0), the effective gradient only updates the first r eigenvalues of %1/,



For the first r eigenvalues, let ¢ = 1,2, ..., be fixed and arbitrary. The update rule is:
Xip1 = Aie — A T Al (33)
For the remaining eigenvalues 7 = r + 1, ..., d,, since they correspond to directions orthogonal to the support of ¥, the
gradient contribution is zero, and thus:
Aipr1 = Aig, Vi=r+1,...,d.

Now we prove convergence for i = 1,2,. .., r. First, we show that for all ¢ € N, ), ; is bounded by (0, M]. The initialization

satisfies this condition. For induction, assume ), ; € (0, M]. We consider the following cases:
Case 1: \; ; € (0, 1]. In this regime, the update rule Equation (33) implies \; ;41 > A;p > 0 since 0 < X;; < 1.
If Xi t41 > M, it implies:

S M — XN+ 1—Aig
TENETA ) T AT R
Note that 1 — A, = (1= X )(1+ Aie + A2, + -+ A7 ). Using the fact \; ; < 1, therefore n > #’\:\” implies:
< 1 S 1
77 — — Z =
Aﬁt1(1+)\i,t+)\?’t+-~-+/\£t1) L
Since 17 < min %, W}, thus 0 < Aj 141 < M as well.
Case 2: \;; € (1, M]. In this case, the update rule Equation (33) implies A; ;11 < \;; since A\;¢; > 1 and L > 1. Using

the induction assumption \; ; < M yields \; 141 < M as well. Moreover, since < min %, © L71)2M2 L,Q} < M21L,2:

i1 = Aig(1— 77/\12,5_2 + 77/\¢L_,t_2)
> X=X %) > N (1= nMPE72) > 0
Therefore, in both cases, we have shown \; ;41 € (0, M]. By the principle of induction, it can be concluded that for all

t € N, \;; is bounded by (0, M].
Next, we show that after finite steps \; ; will lie in a neighborhood of 1, namely [1 —¢, 1+¢], where 0 < € < 1 is a constant.

Define
FOua) = i — 1% g = A=A

Consider:
Fups1) = FQie) = i — 1% = (A — 1)°
= (i = 1) +190Ni2)* = ig — 1)
=2ng(Nie)(Nie — 1) + 020> (i)
—2(X\;ie—1) >
2
= — i Nt LA
19~ (Nit) ( o) n

If \;; = 1, then by the update rule A; ;11 = A; 442 = --- = 1. Therefore, suppose \;; # 1. Note that g(1) = 0 and g is

differentiable. By Lagrange’s Mean Value Theorem, there exists a point { between A; ; and 1 such that
9Ni) = g9Nig) —9(1) = g'(©)(Nie — 1)
Note that ¢'(z) = (L — 1)z~=2 — (2L — 1)22£~2, and

1 p 2
< min{ —, S
' i { L' (2L — 1)M2L—2} = max,e(,m |9/ (2)]

Since 1 > 0 and g2()\i7t) > 0 (since ;¢ # 1), thus:

FQiar1) = F(ie) = —ng*(Nig) (g’?&) — 77) <0

So long as \; ; is outside the neighborhood (1 —¢,1+¢), i.e., [A; s — 1| > €, the term |g(\; ;)| is bounded away from zero.

Let
C. = min )2 > 0
z€(0,M],|lz—1|>€



Then,

Fit+1) — Fig) < —nCe <,2 - 77) <-C*<0
g'(€)
where C is a strictly positive constant depending on e.

If \; + never enters the neighborhood [1—e¢, 1+¢€], the energy f()\; +) would decrease by at least C.n? at every step, eventually
becoming negative, which contradicts the definition f(\) > 0. Therefore, the trajectory must enter the neighborhood [1—¢, 1+¢]
in finite steps.

Finally, we prove lim; .., A;; = 1. Since after finite steps A;; enters the neighborhood [1 —€,1 + €] with 0 < € < 1,
consider the operator T'(A) = A\ + ng(\). We have

TN =[1+ng'(N)| = [14+n((L-1DA"2 = (2L -1)A*?)| <1

for A € [1—¢, 14 €], which implies that T is a contraction mapping on this neighborhood. By the Banach Fixed Point Theorem,
At converges to the unique fixed point 1 as ¢ — oo.

Since ¢ € {1,2,...,r} is arbitrary, the proof holds for all i = 1,2, ..., r, which completes the proof. O
Lemma B.4. Under Assumption III.1 and IIl.2, for initialization \;o € (0,M], i = 1,2,...,r, where M =
max;=1,2, {1, \io}. Suppose the step size satisfies 1 < min {%, ﬁ} then the sequence {\;.}i2 is strictly bounded
away from zero. That is, there exists a constant Cryin > 0 such that N; 4 > Cin for all t > 0 and i = 1,2,...,r. Furthermore,

there exists T > 0 such that for all t > T, min;—;

.....

r(/\f’%_Q) has a positive lower bound « > 0 that is independent of t.
Proof. Leti=1,2,...,r be fixed and arbitrary. According to Lemma B.2, the update rule of the eigenvalues is
A1 = Ait — 77)\?7%71 + 77)\5;1

As shown in Lemma B.3, 0 < A\;; < Aj¢q1 if Ajy € (0,1] and A; 41 < Ay < M if A\;4 € [1, M]. Therefore, to find a
lower bound, we only need to analyze the case A; ; € [1, M]. Note that

Aip1 = Aig (1= 77)\12,%_2 + 77)‘5;2)
Let h(A;¢) =1 — 17)\%_2 + nkﬁt_z. Since 0 < 7 < min {%, MQlL_2} < MQlL_Q, thus

h(Aig) =1=nX i 2402 > 1Ay >0

Since h(X;.) is a continuous function on the compact set [1, M] and h(\;,) > 0 for all \;,, it attains a strictly positive
minimum ¢; > 0. Therefore, for \;; € [1, M]:

Xigt1 = Nigh(Nig) >6; >0

ceey

and all ¢, )\i,t > Cmin > 0.
Furthermore, by Lemma B.3, for each i = 1,2,...,r, there exists T; > 0 such that for all ¢ > T}, A\;; € [l —€,1+¢ for
some 0 < e <1 LetT =max;—1,. . ,T;. Thenforallt>T andall ¢t =1,2,...,r:
>‘i7t >1—€e>0
Therefore, for all t > T':

min ()\127%72) >(1-e*2:=a>0

i=1,...,7
This lower bound « depends only on € and L, and is independent of ¢, which completes the proof. [

Lemma B.5. Let Hy be a block matrix partitioned into blocks Hy;, where k,1 € {1,...,L}. Then the spectral norm of Hy

satisfies
[Hll2 <[> [ Hill3.
k.l

Proof. For any unit vector x with ||x||2 = 1, we partition x conformably with the blocks of H; as x = [x{,...,x]]". The
.. . . L 2
condition [|x||» =1 implies that ) ;" , [|x;]|5 = 1.
Let y = Hyx. The k-th block of y, denoted by yy, is given by:

L
Yi =Y Hux.
=1



By the triangle inequality and the compatibility of the spectral norm, the norm of y is bounded by:

L L L
S Huxi|| < [ Hexilla <Y [ Huallallx2.

=1 2 =1 =1

NP

We compute the squared norm of the entire vector y:

L L L 2
x5 =13 = lysl3 <> (Z ||sz|2||Xl|2> -
k=1

(
(

Applying the Cauchy-Schwarz inequality to the inner sum:

L 2
(Z ||sz||2||le2>
=1

IN

L
||Hkl||§> <Z |Xl||§>
=1

||Hkl||§> - L
1

L L
1H x5 <> I Hul3.

k=11=1

M- 147

l

Substituting this back:

Since the spectral norm is defined as ||Hyl|2 = supjy,=1 [[Hsx]|2, taking the square root of both sides yields the desired
upper bound. O

Lemma B.6. Under Assumption Ill.1 and 1I1.2, when Ly (x,y) = ||y — ¥||3 < € the 2-norm of functional Hessian ||Hy||;
is bounded by

[Hll2 < 51572 V2L = Dr /2 = O(e?)
Proof. According to [21], the functional Hessian Hy can be written as a block matrix, where

Vi <, H}’fl — WthFl:l*l ® WtkfltlﬂTWtL;l+1

Vk > l7 H}cl _ Wtk-‘rl:LQth:l—l ® Wtk—l:l+1

and the diagonal entries are 0.
By Lemma B.2, the eigenvectors of the weight matrices are invariant during training. Under balanced initialization with
E%/L = diag(A1,4, ..., Ad,,¢), we have:

WF~sE forl<k<lL
W}~ s/ by T
Wk ~us/*
Note that for k£ < I:
WAL g kT Ty L
S SRS YAl Y (Ei/LVT) Or (Ugtl/L> e
R/ g /Ly T Ty (ED/E
And for k£ > I:
WHIHLQU L g -t
= (Ugi/L) S YA 9D SHAINS 31l VAN YA 31
_ UERIL Qs =D/ g sy (k=1L

For k <, wehave - k—1)+(k—1)+(L—I)=L—2.Fork>1[, wehave (L—k)+(I—-1)+(k—1—-1)=L-2.
Using the submultiplicativity of the spectral norm ||AB||2 < || All2]|Bl|2 and the property ||A ® Bll2 = || A||2||B||2, along with
the fact that ||Ef/L||2 = ||E;/L||§ and ||U]|2 = ||V]]2 =1 (since U and V have orthonormal columns), we obtain:

1/L _
IHE o < I/ 51572 - 1912



Recall that under Assumption III.1, ., ~ I,.. Since the balanced initialization chooses V' such that its column space lies
within the support of 3., we have:

E[[lx|3] = E[Tr(xx")] = Tr(Efxx"]) = Tr(¥s,) =7
Recall that Q = E[dx yx "], where dxy = ¥ —y. Using Jensen’s inequality, we have:
1212 = 1E[dx,yx ]ll2 < Ell|dxyx " [|2] = Ellldx.y [l2]|x]2]

Applying the Cauchy-Schwarz inequality for expectations yields:

E[[|8x.yll2lxll2] < /E[l1dxy 3] - Ellx[3] < v2re

which implies ||Q]2 < v2re.
Therefore, using [|Hyll2 < /3, HH}”H%

|Hyllo < 1=/ 1572 V/2L(L — Lyre = =" |52\ /2L(L — 1)r €'/

which completes the proof. O

Lemma B.7. Under Assumption Ill.1 and I11.2, and assuming the first v rows of V, denoted Vy € R™* % satisfy ViV, = I,, the
population loss L(W,) converges linearly to its minimum possible value. Specifically, let L, = %]E[ ylI3] - Z;l;r-i-l AiL,o -5
be the irreducible error, the excess loss Ly = L(Wy) — Ly satisfies:

Et < iO . 672La77t =0 (672La77t) (34)
where « is a positive lower bound of min;—i t()\?f_Q).

Proof. Recall that the population loss is L(W;) = $Ex y~, [|ly — ¥¢/3]. Thus,

1 o
LWy) = =By [y'y =2y 90 + 3/ 3]

2
1 . 1 .
= §Ex,y~u“|}’”2] - Ex,yNM[Tr(YTYt)] + §EX,yNH[Tr(YtY;r)]
Note that
Ex,yN#[Tr(ny’t)] = Exy~u [Tr(yTWtLJX)]
= TI’(WtL:lEx,yN#[XyT])
= Tr(WtL:lzg;rw)
and

Ex7y~u[Tr(§’t$’:fT)] = Ex7y~u[Tr(WtLﬂXXT(WtL:l)T)]
= Tr(WthlEx¢y~u[XXT](WtL:I)T)
_ Tr(WtL:lzm(WtL:l)T)
By Lemma B.2, the eigenvectors of the weight matrices are invariant during training. Thus, W1 = U, VT, where

S = diag( ATy, .., A7 ).
Under Assumption I11.2, ¥, = UV ", so X =VU". Since V'V =1, and U'U = I,:

yT

Tr(W/'S,),) =Tr(US,VVUT) =Te(US,U ") = Tr(5y) Z A,

Under Assumption III.1, 3, ~ I,.. Partition V € Rdoxd- by rows as V = (¥1> where V; € R"*% Then:
2

VISV =V""



Under the alignment condition V;V;" = I,., the matrix P := V;"V; € R% >4 is a projection matrix with rank 7. Choosing
coordinates such that P = diag(I;, 04, —r)x(d.—r))> We have:

Tr(WELS,, (WEH)T) = Tr(UX, VTEmVEtUT)
= Tr(2,Py) ZA

Substituting back into the loss equation:

e 1 N
L(Wy) = 2 X, Y~ HYH Z )‘ 5 Z At
i=1
By Lemma B.3, the first r eigenvalues Aq,..., A+ are updated according to the gradient dynamics and converge to 1,
while the remaining d, — r eigenvalues A, ¢,...,\q, + remain at their initial values A.11,0,..., A4, 0.

Separating the terms:

L(W,) = 5E[ly|) ZA S A i
=1

i=r+1
Completing the square for the first » components:

1 : T
L) = LBl IP = 3 Ao+ L 308 ok 41 -
1= r+1 i=1
= 3Ellyl?] Z Ao Z =)
1=r+1
The minimum loss is achieved when )\ﬁt =1lfori=1,...,r
Lumin = SE[|ly /%] Z >‘
i=r+1

Thus, the excess loss is:
-

- 1
Ly = L(Wt) = Linin = 3 Z(l —A)?

i=1

According to Lemma B.2, for each ¢+ = 1, ..., r, the eigenvalue update rule is:
Xie1 = Xig — AT AL
Note that the function f(x) = 2” is convex when z > 0. Thus, by the definition of convex function, for all 1 < i < 7:
)‘£t+1 > )‘f,t + L)\iL,;l()\i,tJrl - )\i,t) = )‘iL,t + Ln)‘iL,;l()‘iL,;l - )\%71)
which implies:
L= Mper S 1= M+ IoX G =A%)

= (1= Xfy) = InAZy 2 (1= Afy)

= (1 =LA77 ) (1 = Afy)
Therefore,

(1= M)? < (L= LpAlE %)% (1= ALy)?
Using the fact (1 — z)? < e~2 for z € [0,1] yields:
(1= AL )% < e 2P0 (1= AL

Since « is a positive lower bound of min;—; r’t()\fI;_Q), summing ¢ from 1 to r yields:

T s

- 1 p 1 .
Lt+1:§Z( >‘zt+1) <e 2k n'gZ(l—)\ﬁt)Q:e 2Lamf,

=1 i=1



Repeating this process yields:

Lt < e—2Lcmt[~/0 -0 (e—QLomt)
which completes the proof. O

Lemma B.8. Under Assumptions III.1 and 1I1.2, and assuming v < d., the spectral norm of the functional Hessian || Hj ||
decays exponentially with respect to t. Specifically:

|Hpalla = O (/%) = O (e7"om) (35)

where o = minizl,_“mt(/\?’%_Q) is the minimum of the 2L — 2 power of the eigenvalues over the first r components, which
correspond to the effective directions within the support of ¥,..

Proof. Under Assumption III.1, X,, ~ I, which implies that only the first » eigenvalue directions are effectively updated
during gradient descent (as shown in Lemma B.3). The remaining d, — r eigenvalues remain at their initial values and do not
contribute to the loss decrease.

By Lemma B.6, the functional Hessian norm satisfies

1Hyolle < 15 (1572/2L(L — 1r e/

where € = L(W,) is the population loss at time ?.
By Lemma B.7, the excess loss satisfies

Ly < Lo - e 2bomt

where o = min;—; . ;(A\?X72).
Combining these two results yields

[Hyll2 =0 (61/2) =0 (e*Loﬂlt)

which completes the proof. O

Lemma B.9. Under Assumptions III.1 and II1.2, and assuming v < d, = min{dy,d}, suppose that at time t, Etl/L =
diag(A1 ¢, A2ty -3 Art, 0,...,0). Suppose A;y € [my — 6y, my + ) for i = 1,2,...,7 where 6; > 0. As long as mi40y

me—0t

N

Lﬁ, the outer product Hessian H, ; exhibits a three-part spectral structure:
1) (Dominant space) 1> eigenvalues lying in [L(m; — 6;)*“=Y L(my + 6;)2F—1],
2) (Bulk space) (dy + dy, — 2r)r eigenvalues lying in [(m; — ;)1 (my + §;)2(E-1).
3) (Zero space) (d;, — r)(dg — r) eigenvalues equal to zero.

The total number of nonzero eigenvalues is (do + dy, — 7)r.

Proof. According to [21], for a deep linear network at time ¢,
H0>t = AO,tBoAIt
where B, = I3, ® ., € Rirdoxdrdo and
AT, = (WE2 Q@ Iy,... WEF @ WH-L | I, @ WHE™)

Under Assumption IIL.1, ¥,, ~ I;,. When d, = dy < d, we have X, = I,, so B, = Iq, ® I, = 14, 4,- In this case,
the eigenvalues of H,; = A, A, are identical to those of A, Ao ;.

By Lemma B.2, the eigenvectors of the weight matrices are invariant during training. Thus, at time ¢, we have W1 =
US, VT, where 3 = diag(\ly, ..., AL, 0,...,0) and /" = diag(Me,- ., A, 0, ..., 0).

Let U; € R4X" and V; € R% X" denote the first » columns of U and V/, corresponding to the nonzero singular values. We
compute the weight matrix products at time ¢:

WERWER) T = Urdiag(A7, Y, ) 07
WEE W T~ Vi diag (VY )

And forall 2 <[ <L —1,
WfL:l+1(WfL:l+1)T ~ U, diag(/\f(tL_l) AQ(L—D) UlT

» Ayt

th:lfl(thzlfl)T ~V dlag()\i(tlfl)7 . )\2(l71)) VlT

» 'yt



Computing the Gram matrix AItAO,t:

A‘ItAowt — WtL:2(WtL:2>T ® Ido + ]dL ® th:Lfl(th:Lfl)T
L-1
+ Z WtL:lJrl(WtL:lJrl)T ® thzlfl(thzlfl)T
1=2

Let Ag) = diag()\i(tL*l), ce )\fftL*l)) and Ag) = diag()\i(i*l), ce )\37(571)). Substituting:

L—1
Al Ao = UINPUT @ Iy, + 1o, @ APV + 3 0AJ U] @ viaP vy

1=2
To analyze the eigenvalues, let {ug,...,u,} be the columns of Uj, extended to an orthonormal basis {uy,...,uq, } for
R4c, Similarly, let {vy,...,v,} be the columns of V, extended to an orthonormal basis {vy,...,vq,} for R%. The vectors

u; ® v; form an orthonormal basis for Rz,

Note that UlAg) Ul u; = )\i(thl)ui if i < r and UlAg) U, u; =0 if i > r. Similarly for VlAg) V,". We compute the action
of A, A, on these basis vectors for each case:

(deinant space) If : < r and 57 <1r:

L1
AT Ao il @) = M (wy @ 03) + A2V (s @ o) + 3 AN (s @ 0y)
1=2
L
2(L—1)\2(I—1
- (Z AN )> (u; ® v;)
1=1
Denote the eigenvalue as v;; = S, )\?(tL*l))\i(tlfl). When i = j, this equals LX\>“"). When i # j and \;; # ;. this
2L _\2L ' ' ’
equals 3 —%*. In all cases, since \i s, Aj ¢+ € [y — ¢,y + 04
Tt A5t

L(mt — (502(1171) S Vi,j S L(mt + 5t)2(L71)

This gives eigenvalue multiplicity r x r = 72,

(Bulk space, part 1) If : < r and j > 7:
AoT,tAo,t(ui ®v;) = /\ig,L_l)(Ui ®u;)+0+0= )x?ftL_l)(ui ® v;)
The eigenvalue is v; ; = )\i(tL_l) € [(my—6,)2>E=Y | (my+6,)> L], This gives eigenvalue multiplicity rx (dg—7) = 7(dg—7).
(Bulk space, part 2) If ¢ > r and j < 7:

A;':tAo7t(ui [029] ’Uj) =0+ )\i(tL_l) ('UJZ X Uj) +0= )\?ftL_l)(ui X ’Uj)

2(L—1)

The eigenvalue is v; j = A} € [(my — 6:)> =Y (my + 6;)>L=Y)]. This gives eigenvalue multiplicity (d;, — ) x r =

(dp —r)r.

(Zero space) If ¢ > r and 5 > r:

AItAo,t(ui X Uj) =0

This gives eigenvalue 0 with multiplicity (d, —r) x (do — ) = (dr, — )(do — 7).

Combining the two parts of the bulk space, the total multiplicity is:

r(do —r) 4+ (dr — r)r = (do + dp — 2r)r
The condition % < LT is equivalent to
(mt + 5t)2(L71) < L(mt — (502(1‘71)

which guarantees a spectral gap between the dominant space and bulk space:

minvis > L= 60700 > (me 40700 > max vy
I =rJ)>T

or i>r,j<r
In summary, the outer product Hessian H, ; has:

o 2 eigenvalues in the dominant space, lying in [L(m; — 6;)2—=D, L(m; + 6;)2(E—D];



o (do +dy — 2r)r eigenvalues in the bulk space, lying in [(m; — §;)2(L=D (my + 6,)2F=D);
e (dr —r)(do — ) zero eigenvalues.

The total number of nonzero eigenvalues is r2 + (do + dr, — 2r)r = (do + d, — 7)r. O
Lemma B.10. Under Assumptions II.1 and II1.2, and assuming r < d, = min{dy, d}, suppose that {uy,us, ..., uq, } and
{v1,v2,...,v4,} are the columns of initialized matrices U (extended to an orthonormal basis of R?) and V (extended to

an orthonormal basis of R%), respectively. Then the eigenvectors of the outer product Hessian at time t corresponding to
non-zero eigenvalues can be written as

Ao i(u; ®@vj), for (i <rand j<dy)or (i>randj<r)

where A}, = (WE?2® Iay,..., W @ WH 1y, @ W) as defined in [21]. Moreover:
o The r? eigenvectors A, +(u; ® v;) for i <r and j < r span the dominant eigenspace.
o The (do + dp — 2r)r eigenvectors A, +(u; ® vj) for (i <r and j > r) or (i >r and j < 1) span the bulk eigenspace.

Proof. Recall from Lemma B.9 that under Assumption III.1, ¥, ~ I;.. When d, = do < dy, we have ¥,, = I, so
B, = I4,4,- The eigenvalues of H,; = A, A, are identical to those of A] A, ;.

Let U; € R4X" and V; € R%X" denote the first r columns of U and V/, corresponding to the nonzero singular values. The
Gram matrix AItAM can be expressed as:

L—1
A Aoy = AP UT @ Igy + Ly, @ VNPV + 3" UADUT @ VAPV
=2
where Ag,) = dlag(/\Q(L D, )\fftL*l)) nd A( ) = = diag(A\]; 201, )\f,(tl*l)).
We show that u; ® v; are eigenvectors of A/, Ao7t Using the Kronecker product property (A ® B)(z ® y) = (Az) ® (By),
and noting that:
D UADU = N it i < vy and DAY U wy = 0 if i > e
2) VAPV, = ,\2“ Yosif j <r, and ViADVTv; =0if j > 7.
We analyze the f0110w1ng cases:
Case 1 (Dominant space): If ¢ < r and j < r, then
L—1
AT Ao (i @ v;) = XD (s @ 0y) + X5 (g @ 0p) + > AN (@ vy)

g,
=2
(Z )\Q(L l)/\2(l 1)) (ui ®Uj)

This gives r x r = r2 eigenvectors spanning the dominant eigenspace.
Case 2 (Bulk space, part 1): If : <r and j > r, then

AotAot(ulQ@U]) = /\2(L 2 (ul Q) +0+0=)X (L U(ui@vj)

This gives r X (dg — ) = r(dy — r) eigenvectors.
Case 3 (Bulk space, part 2): If ¢ > r and j < r, then

A;r’tAo,t(ui ®uvj) =0+ )\?"(tL* )(ul ®vj)+0= )\Z(L 1)(ui ® vj)

This gives (d;, — r) x r = (d, — r)r eigenvectors.
Case 4 (Zero space): If ¢ > r and 5 > r, then

A;':tAo7t(ui X Uj) =0

This gives (dr — ) X (do — r) eigenvectors with zero eigenvalue.
Combining Cases 2 and 3, the bulk eigenspace has r(dy — r) + (d, — r)r = (do + dr, — 2r)r eigenvectors.
By the standard relationship between eigenvectors of M " M and MM T, the eigenvectors of H,, = Ao7tAlt corresponding

to non-zero eigenvalues are A, ;(u; ® v;). Among these (dy + dr, — r)r eigenvectors:
« 72 eigenvectors (for i < r and j < r) correspond to the dominant eigenspace with eigenvalues of order LA; (tL 2
o (do + dp — 2r)r eigenvectors (for (: < r and j > r) or (i > r and j < r)) correspond to the bulk eigenspace with
2(L—1) 2(L-1)
eigenvalues of order /\z " or A7, .

This completes the proof. ]



Lemma B.11. Under Assumption III.1 and II1.2, let f; ; +(k) be defined as the kth largest value of Zlel )\?7(tL7l))\?7(t171) for
t=1,...,dr and j =1,...,r. Then for the true Hessian Hy, ; at time t, its eigenvalues can be bounded as:

figa(k) = O(e P < No(Hp ) < fijie(k) + O(e ™)

where Ay, represents the kth largest eigenvalue, and o = min;—; r,t()\ffﬂ) is the minimum of the 2L — 2 power of the
eigenvalues over the first v components, which is a positive constant that is independent of t for sufficiently large t.

Proof. Recall that Hy, ; = H,; + Hy ;. As shown in Lemma B.8, ||[H |2 = O(e~Fant) which implies that Amax(Hyf ) =
O(e~Tent) for the functional Hessian at time .
Applying Weyl’s Inequality yields:

Me(Hot) = Amax(Hypp) < Me(Hrt) < Ag(Hot) + Amax(Hy )
By Lemma B.9, A\ (H, ) = fi j(k). Therefore:
Jiga(k) = O(e 1) < Ny(Hp ) < fiju(k) +O(e™t)
which completes the proof. O

Lemma (Shared Spectral Structure). Under Assumptions IIL.1 and II1.2, all weight matrices W/ for k = 1,..., L share the
same spectral structure Ei/L = diag(A1,4, Aayt, ..., Ag,+) at any time ¢ > 0. Specifically:

1) For 1 <k < L: Wk~x/t
2) For k=1: W} ~ 2/ yT
3) For k= L: Wt ~Ux}/*

where U € R% >4 and V € R%*? are the left and right singular vector matrices from the balanced initialization, which

remain constant throughout training. Furthermore, the eigenvalues \; ; for ¢ = 1,...,r evolve according to:
Xit+1 = i — 77)\?571 + U)\iL,;l (36)
while the eigenvalues A; ; for ¢ =+ 1,...,d, remain unchanged at their initial values.
Proof. Under Assumption III.1, since d, < min{dy_1,dr_2,...,d;}, the balanced initialization procedure yields:
WEh~sVE forl<k<L
Wi~ 2t/LyT
wE ~uxt/t

where A = UXV' T is the SVD of the initialization matrix A, and X%/L = diag(A1,0,A2,0,- -5 )\d*,O) with \; o being the L-th
root of the i-th singular value.
By Lemma B.2, the eigenvectors of W} are invariant during training. For 1 < k < L, the gradient is:

Ve L(WF) = EEZL—l)/L B EEL—I)/L

which is a diagonal matrix. Therefore, the update Wt’fH = W} —nVy« L(WF) only modifies the diagonal entries, preserving
the diagonal structure.
For k =1, the gradient is:

Vi LW = (E§2L71)/L _ Z§L71)/L)VT
Thus:
Wi, =W =V LW}
= sy T R/ L =D/l T
= [E:;/L _ n(2§2L—1)/L B EiL_l)/L) v
-zt

where the right factor VT remains unchanged.
For k = L, the gradient is:

Ve LWE) = U - b/



Thus:

Wh =W} =gV LWE)
_ UZl/L U<Z£2L /L Equ)/L)
—U Etl/L _ n(zgqu)/L _ E}(fol)/L)

1/L

=U¥ 4

where the left factor U remains unchanged.
In all cases, the updated weight matrix shares the same diagonal structure E: ﬁ, where the i-th diagonal entry evolves
according to:

i+l = Aig — 77/\5,%_1 + 77)\¢L,t_1

By Lemma B.3, under Assumption III.1, only the first » eigenvalues A ¢, ..., A, are effectively updated since >, ~ I,.
The remaining eigenvalues A1 +,. .., Aq, + correspond to directions orthogonal to the support of ¥, and thus their gradients
are zero:

)\i,t+1 = )\i,t :)\i70, fori=r+1,...,d,

By induction on ¢, all weight matrices W/} share the same spectral structure E% It at any time ¢t > 0, which completes the
proof. O

Theorem. III.5(Hessian Bifurcation) Under Assumptions III.1 and III.2, and assuming r < d, = min{dg,dy,}, consider a
depth-L deep linear neural network trained with gradient descent with step size 1 < min {i, W} Let \;; for

i =1,...,r denote the effective elgenvalues of the weight matrix X, YL at time t. Suppose that \; ; € [m; — §;, m; + ;] and
the COIldlthIl (me+01)/(me—0:) < < L2T=1 holds. Then the Hessian H 1+ exhibits a three-part spectral structure: leftmargin="*
1) (Dominant Space) There exist 72 eigenvalues of Hy ; lying in:

[L(mt _ 5t)2(L_1) _ O(e—Lant)’

(37)
L(mt +5t)2(L71) +O(6Lant):|
2) (Bulk Space) There exist (dy + dr, — 2r)r eigenvalues of Hp, ; lying in:
|:(mt _ 61&) 2(L—1) _ O(efLomt),
(33)

(-4 8,00 4 (et

3) (Zero Space) The remaining (d;, — r)(do — ) eigenvalues of Hy ; are O(e~L2"), converging to zero as t — oo.
Moreover, let Agom denote an arbitrary eigenvalue belonging to the Dominant Space and Ay, denote an arbitrary eigenvalue
belonging to the Bulk Space. Their ratio satisfies:

)\dom
=0 39
/\bulk ( ) ( )

where « is a positive constant independent of ¢, provided ¢ is sufficiently large.

Proof. By Lemma B.9, under the assumption r < d,, the outer product Hessian H, ; at time ¢ has (dy + dy, — r)r non-zero
eigenvalues. These eigenvalues can be indexed by pairs (¢, ) and exhibit three different behaviors:
Case 1 (Dominant space): If ¢ < r and j < r, the eigenvalue is

vy = Z)‘z tL z))\z(z 1)

2L 2L
it

_A2 . . .
_)é‘z. When ¢ # j but \;; = A, this also

When i = j, this equals L)\Z(L Y When i # j and A\;; # A, this equals ;\\2

equals L)\Z p by continuity.



Case 2 (Bulk space, part 1): If ¢ < r and j > r, the eigenvalue is
vig =g

Case 3 (Bulk space, part 2): If 4 > r and 5 < r, the eigenvalue is
2(L—1
Vij = )‘j,(t )

Case 4 (Zero space): If ¢ > r and j > r, the eigenvalue is zero.
Since A; ¢ € [my — §;,my + 6] forall i = 1,...,r, we bound the eigenvalues in each case.

For Case 1, since each term )\?’(tL*l))\i(tl Y satisfies

(my — 6t)2(L—1) < )‘?,S&Lil))‘?,(tlil) < (my +5t)2(L—1)

summing over [ = 1,..., L yields
L(mt — (St)Q(L_l) S Vi j S L(mt + 5t)2(L_1)

This gives r x r = 12 eigenvalues in the dominant space.
For Cases 2 and 3:
(me — 62 E7D <y < (my 4 6,)2FY

Case 2 gives r X (dy — 1) = r(dp — r) eigenvalues, and Case 3 gives (d;, —r) x r = (dr, — r)r eigenvalues. Combining these,
the bulk space contains

r(do— 1)+ (dp — r)r = (do + dg — 2r)r

eigenvalues.
For Case 4, there are (d, — r) x (dy — ) = (dp — r)(dg — ) zero eigenvalues.
The condition (my; + d;)/(my — 6;) < L=Z-1 is equivalent to

(mt + 6t)2(L71) < L(mt — 5t)2(L71)
which guarantees a spectral gap between the dominant space and the bulk space:

min Vi 4 > L(mt - 5,5)2([/71) > (mt + 5t)2(L71) > max V; 4
ig<r 7 i<rg>r Y
e or7>},j§r

By the Gauss-Newton decomposition, Hy,; = H,; + Hjy;. According to Lemma B.8, the functional Hessian satisfies
|Hyill2 = O(e=Lont). Applying Weyl’s inequality, for the kth largest eigenvalue:

Me(Hot) — [[Hptllo < Me(Hrp) < Me(Hop) + || Hytll2

Therefore, the eigenvalues of the true Hessian H,; lie within O(e=29m) of the eigenvalues of the outer product Hessian
H, ;. Combining with the bounds above:
« The r? dominant space eigenvalues of Hy ; lie in

[L(mt _ 5t)2(L_1) _ O(e_L"”’t), L(my + 5t)2(L_1) + O(e—L(xnt):|
e The (do + dy, — 2r)r bulk space eigenvalues of H,; lie in
{(mt _ 5t)2(L_1) — O(e—Lomt)’ (mt + 5t)2(L_1) + O(e—Lant)}

o The remaining (dy, — r)(dy — r) eigenvalues are O(e~L"), converging to zero as t — oo.

Finally, we establish the ratio between the dominant space eigenvalues and bulk space eigenvalues. For the lower bound:
)\dom - L(mt _ §t)2(L_1) _ O(e—Lant)
Abuk (Mg + 51&)2([’71) + O(e—Lont)

For sufficiently large ¢, the O(e~F*") terms become negligible, yielding

Adom - L(my; — §t)2(L—1) _ (mt . 5t>2(L1)
Aoulk (Mg + 6;)2E—D) my + 0y




For the upper bound:

Ao _ L(mt +5t)2(L71) +O(67La?7t)
)\bulk — (mt _ 5t)2(L_1) _ O(e—Lant)

For sufficiently large ¢:

Adom - L(my +§t)2(L71) . (mt +5t>2(L1)
Aok~ (myg — 82D my — Oy

2(L—1)
Since the condition (my + d;)/(my — ;) < ey implies that (mt+§t) < L, both bounds are O(L). Therefore:

)\dom
Mom _ g,
Abulk (L)

which completes the proof. O

Corollary. III.6(Hessian Bifurcation with USIT) Under Assumptions III.1, II1.2, and III.3, and assuming r < d, = min{dy, d},
the Hessian Hy ; has exactly two distinct nonzero eigenvalues (up to an exponentially small perturbation). Specifically:
leftmargin=*

1) (Dominant Space) There exist 72 eigenvalues equal to L,u2(L D4 O (e~ Lanty,

2) (Bulk Space) There exist (dy + dr — 2r)r eigenvalues equal to ,u2(L Yy O (e~ Lanty,

3) (Zero Space) The remaining (dz, — r)(do — r) eigenvalues are O(e~ L),
Moreover, the ratio between the dominant and bulk eigenvalues is exactly L, i.e.,

A
“\dom - I ( 40)
Abulk
where 1, denotes the common value of all effective eigenvalues \;; = py for i = 1,...,r at time ¢, and « is a positive

constant.

Proof. Under Assumption IIL.3, X,
eigenvalues evolve according to:

VI w1, which implies A\; o = p for all ¢ = 1,...,r. By Lemma II1.4, the effective

Xir1 = Xig — AT AL

fore=1,...,r.

Since all initial eigenvalues are equal, and the update rule is identical for each ¢ = 1,...,r, we have A1 ; = Ay = -+ =
Art =: p¢ for all £ > 0. By Lemma B.3, y; — 1 as ¢t — oo.

By Lemma B.9, the outer product Hessian H,; has eigenvalues indexed by pairs (7, 7). For ¢ <r and j <7:

L
Z)\Q(L z))\z(z 1) ZHQ(L ) 2(1 1) ZNQ(L 1y _ ( 1)

=1
Fori <rand j > r:

vij = A2 _ 2(L)

Fori>r and j <7r:

vy = )\Z(L 1y _ Mf(Lq)

For ¢ > r and 5 > r:
vij =0
Therefore, the outer product Hessian H, ; has exactly two distinct nonzero eigenvalues:
2L=1) with multiplicity 7% (dominant space)
e pp 7 with multiplicity r(do — r) 4+ (d, — r)r = (dp + dr, — 2r)r (bulk space)
and zero eigenvalues with multiplicity (dy, — r)(do — r) (zero space).
By Lemma B.8, ||[Hy |2 = O(e~12""). Applying Weyl’s inequality:

Me(Hot) = O(e™ ") < Mu(Hp 1) < A(Ho ) + O(e5)

Therefore, the Hessian Hy, ; has:



o 72 eigenvalues equal to Lutz(Lfl) + O(e—Locnt)
o (do+dr — 2r)r eigenvalues equal to Mf(L*U + O(e~Lant)
o (dr —7)(dy — r) eigenvalues equal to O(e~Lont)

The ratio between the dominant and bulk eigenvalues is:

2(L-1) —Lant
)\dom _ L:ut + O(e ) _ —Lant
o~ 2ED 1 et L TOET)
bulk 1y + O(e an )
For sufficiently large ¢, this ratio converges to exactly L, which completes the proof. [
APPENDIX C
SIMULATIONS
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Fig. 4: Eigenvalue evolution. The curves are color-coded by subspace: purple for the dominant space, orange for the bulk

space, and green for the near-zero space. The
dominant and bulk spaces equals the product
converge to L times those of the bulk space.
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of the input and output dimensions. The final eigenvalues of the dominant space
The panels correspond to L = 3 (left), L = 4 (middle), and L = 5 (right).
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Fig. 5: Eigenvalue evolution. The curves are color-coded by subspace: purple for the dominant space, orange for the bulk
space, and green for the near-zero space. The dominant space has a dimension of rank?, while the combined dimension of the
dominant and bulk spaces equals the product of the input and output dimensions. The final eigenvalues of the dominant space
converge to L times those of the bulk space. The panels correspond to L = 3 (left), L = 4 (middle), and L = 5 (right).
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Fig. 6: Eigenvalue evolution. The curves are color-coded by subspace: purple for the dominant space, orange for the bulk
space, and green for the near-zero space. The dominant space has a dimension of rank?, while the combined dimension of the
dominant and bulk spaces equals the product of the input and output dimensions. The final eigenvalues of the dominant space
converge to L times those of the bulk space. The panels correspond to L = 3 (left), L = 4 (middle), and L = 5 (right).
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Fig. 7: Eigenvalue evolution. The curves are color-coded by subspace: purple for the dominant space, orange for the bulk
space, and green for the near-zero space. The dominant space has a dimension of rank?, while the combined dimension of the
dominant and bulk spaces equals the product of the input and output dimensions. The final eigenvalues of the dominant space
converge to L times those of the bulk space. The panels correspond to L = 3 (left), L = 4 (middle), and L = 5 (right).
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Fig. 8: Eigenvalue evolution. The curves are color-coded by subspace: purple for the dominant space, orange for the bulk
space, and green for the near-zero space. The dominant space has a dimension of rank?, while the combined dimension of the
dominant and bulk spaces equals the product of the input and output dimensions. The final eigenvalues of the dominant space
converge to L times those of the bulk space. The panels correspond to L = 3 (left), L = 4 (middle), and L = 5 (right).
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Fig. 9: Eigenvalue evolution. The curves are color-coded by subspace: purple for the dominant space, orange for the bulk
space, and green for the near-zero space. The dominant space has a dimension of rank?, while the combined dimension of the
dominant and bulk spaces equals the product of the input and output dimensions. The final eigenvalues of the dominant space
converge to L times those of the bulk space. The panels correspond to L = 3 (left), L = 4 (middle), and L = 5 (right).
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Fig. 10: Eigenvalue evolution. The curves are color-coded by subspace: purple for the dominant space, orange for the bulk
space, and green for the near-zero space. The dominant space has a dimension of rank?, while the combined dimension of the
dominant and bulk spaces equals the product of the input and output dimensions. The final eigenvalues of the dominant space
converge to L times those of the bulk space. The panels correspond to L = 3 (left), L = 4 (middle), and L = 5 (right).
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Fig. 11: Eigenvalue evolution. The curves are color-coded by subspace: purple for the dominant space, orange for the bulk
space, and green for the near-zero space. The dominant space has a dimension of rank?, while the combined dimension of the
dominant and bulk spaces equals the product of the input and output dimensions. The final eigenvalues of the dominant space
converge to L times those of the bulk space. The panels correspond to L = 3 (left), L = 4 (middle), and L = 5 (right).
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Fig. 12: Eigenvalue evolution. The curves are color-coded by subspace: purple for the dominant space, orange for the bulk
space, and green for the near-zero space. The dominant space has a dimension of rank?, while the combined dimension of the
dominant and bulk spaces equals the product of the input and output dimensions. The final eigenvalues of the dominant space
converge to L times those of the bulk space. The panels correspond to L = 3 (left), L = 4 (middle), and L = 5 (right).
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Fig. 13: Eigenvalue evolution. The curves are color-coded by subspace: purple for the dominant space, orange for the bulk
space, and green for the near-zero space. The dominant space has a dimension of rank?, while the combined dimension of the
dominant and bulk spaces equals the product of the input and output dimensions. The final eigenvalues of the dominant space
converge to L times those of the bulk space. The panels correspond to L = 3 (left), L = 4 (middle), and L = 5 (right).
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Fig. 14: Eigenvalue evolution. The curves are color-coded by subspace: purple for the dominant space, orange for the bulk
space, and green for the near-zero space. The dominant space has a dimension of rank?, while the combined dimension of the
dominant and bulk spaces equals the product of the input and output dimensions. The final eigenvalues of the dominant space
converge to L times those of the bulk space. The panels correspond to L = 3 (left), L = 4 (middle), and L = 5 (right).
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Fig. 15: Eigenvalue evolution. The curves are color-coded by subspace: purple for the dominant space, orange for the bulk
space, and green for the near-zero space. The dominant space has a dimension of rank?, while the combined dimension of the
dominant and bulk spaces equals the product of the input and output dimensions. The final eigenvalues of the dominant space
converge to L times those of the bulk space. The panels correspond to L = 3 (left), L = 4 (middle), and L = 5 (right).
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Fig. 16: Eigenvalue evolution. The curves are color-coded by subspace: purple for the dominant space, orange for the bulk
space, and green for the near-zero space. The dominant space has a dimension of rank?, while the combined dimension of the
dominant and bulk spaces equals the product of the input and output dimensions. The final eigenvalues of the dominant space
converge to L times those of the bulk space. The panels correspond to L = 3 (left), L = 4 (middle), and L = 5 (right).
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Fig. 17: Eigenvalue evolution. The curves are color-coded by subspace: purple for the dominant space, orange for the bulk
space, and green for the near-zero space. The dominant space has a dimension of rank?, while the combined dimension of the
dominant and bulk spaces equals the product of the input and output dimensions. The final eigenvalues of the dominant space
converge to L times those of the bulk space. The panels correspond to L = 3 (left), L = 4 (middle), and L = 5 (right).



